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Derivatives of Trigonometric Functions

=

. - \
(2.12) Theorem. () If y=sinx( measured in radians), then

‘ %=cosx.

Proof. Wehave yt+4y = sin(x + 4x)
Ay = sin(x + 4x) - sin X
= sin x cos Ax + cos x sin Ax — sin x
= sin x(cos Ax — 1) + cos x sin Ax

. cos Ax—1 4 sin Ax
sin X —-—T COos x v

4y
Ax

Therefore,
Taking limits as Ax — 0, we get

| % = (sinﬁc)-0+(cosag)-1,

since  lim gosAe-1 0, by Example 30 of Chapter 1
a0 A
= . Ax 5 , '
and . lim P 1, = by Example 31 of Chapter 1
Ax—>0 AX

Gt
.US a—x-smx = COS X.

(i)  The derivative of y = cos x is % = —sinx

Proof. Here y+A4y = cos(x + Ax)
4y = cos(x+ Ax) — cos x
= C0Ss X cos Ax — sin x sin Ax — cos X - -

= ¢0s x(cos Ax — 1) — sin x sin Ax

Ay cos Ax — 1 sin Ax
Thereforg, % = cos { = ) _ue s snzx

Proceeding to limits as Ax — 0, we obtain

dy -
Z =~ cosx.0-sinx. |

= —sinx.

el
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For other trigonometric functions, one can easily derive the following;

PR LR
() g ooLx = e
d = secxtanx
v & sec X
= — CSC X cot X.

d
(Vi) E cscC X
Inverse Trigonometric Functions

(2.13) Theorem. In the open intervaJ ]-1,1[, the function y = arcsin x is
differentiable and ‘

dx  \[1-2

Proof. If y = arcsinx, then x = siny so that

.ql _.1—..’lx|<l'

dx . _
dy — o8
a 1 1

or = = , (cosy # 0
dx cos y i’h — sin? y (cosy )

The sign of the radical is to be the same as that of cos Y. By definition,

5 arcsinx < 5
! -7 T . . .
e, &5 <y<735,s0 that cos y is positive.

A ) . 1
Hence 24 = —= arcsinx = x| <1
& " & * = e

The reader should derive the following formulas by the same method that

has been yseq in finding the derivative of arcsin x.
(i) %arccosx = el [x]<1
\J1-x2"
i 2 1
ii) e 3rctanx = 1+ %2
x
s 4 :
(lll) a = — 1
,EE rccot x Eryee

~
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.4 - —,|x|>1 ‘\
(v) = arcsec ¥ % r———xl—-l |

-1
i L '—-—-—_—.’lx|>l'
™ arccsc X " \[F':'i

- Logarithmic and Exponential Functions \
' (2.14) Theorem, If y =log, %, (x>0,a>1) then

dy
dx

“l‘l e

Proof. By definition,
| d log, (x + h) —log, x
y L 0g, ( )

' dx h—=0 h
(x+h)
log, o
= lim
h=0 h ’

.1 h
= lim | (14__)

h—)oh o-ga X

PR U - h
= lim = .X Sl )
| 'hl-ino x h 18 (l+x)

1. : h\wh
= | - ld
im " lim loga.(l + x)

h=0 h-0

! x/h
= = lOga[lim (1 +ﬁ) ]
h—=0 X

1
% 108, e, by Corollary of Example 28, Chapter

1
EERNE Y t
x log.a xhha’ where In a denotes the nd

urdl
logarithm of a.

g a

" & then = log,x= Inx
dy _d
so that e = ‘('Elnx
e T 1
xlne o

i M y
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Corollary- If fTx)=1In|x]|, then f'(x) =yforallxe R-{0}.

proof. Ifx>0, then|x|=x and in this case
d . ]
() = =1 =5
f'x) = ghx =3
Ifx <0, then | x | = — x and therefore
. 4a (=1)
Sx) = l"(“ x) = J by the Chain Rule

(= x)
1
<

il
| —
‘H
H
o

-d—l
Thusdx njx|

(2.15) Theorem. If y = a*, then 2 = a* Ina

dy _ . a™-a*
Proof. dx hll_l;l‘lo P
T ( Jr.a"— l)
m a - h

h—>0

lim a*- lim
h—=0 ; h->0

a* log, a, by Example 29 of Chaptér 1.

0l

= ga*lna.

Corollary. If  y = e, then
k dy _ » e
I — ¢ Ine = e”.

Thus e* remains invariant under the operation of differentiation.
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